Abstract. We classify non-minimal biconservative surfaces with parallel mean curvature vector field in S n × R and H n × R. When these surfaces do not lie in S n or H n and they are not vertical cylinders, we find their explicit (local) equation. We also prove a result on the compactness of biconservative surfaces with constant mean curvature in Hadamard manifolds.
Introduction
Closely related to the theory of biharmonic submanifolds, the study of biconservative submanifolds is a very recent and interesting topic in the field of Differential Geometry. In general, a biharmonic map ψ : (M, g) → (M , h) between two Riemannian manifolds is a critical point of the bienergy functional
where τ (ψ) is the tension field of ψ. These critical points are given by the vanishing of the bitension field τ 2 (ψ) of ψ. If ψ : (M, g) → (M , h) is a biharmonic Riemannian immersion, then M is called a biharmonic submanifold ofM . Now, consider a fixed map ψ : M → (M , h) and look at E 2 as being defined on the set of all Riemannian metrics on M . What we get is a new functional whose critical points, that this time are Riemannian metrics, are given by the vanishing of the stress-energy tensor S 2 , that satisfies div S 2 = − τ 2 (ψ), dψ .
A submanifolds that satisfies div S 2 = 0 is called a biconservative submanifold and it is easy to see that a submanifold is biconservative if and only if the tangent part of its bitension field vanishes.
Until now a special attention was paid to biconservative surfaces in space forms. Thus, when the ambient space form is 3-dimensional, such surfaces were completely classified in [5] and [13] and then biconservative surfaces with constant mean curvature in 4-dimensional space forms were described in [21] .
We will extend this study to surfaces with parallel mean curvature vector field (PMC surfaces) and, more generaly, to those having constant mean curvature (CMC surfaces) in product spaces of type M n (c) × R, where M n (c) is a space form. While all PMC surfaces in space forms are biconservative, we will see that in this new setting the situation is quite different.
Another notion that we deal with in our paper is that of submanifolds with finite total curvature, i.e., those submanifolds Σ m in a Riemannian manifoldM that satisfy
where φ is the traceless part of the second fundamental form of Σ m . One of the most interesting results concerning these submanifolds is that obtained by P. Bérard, M. do Carmo, and W. Santos in the very first paper to treat this subject [4] , where they proved that a CMC surface with |H| > √ −c and finite total curvature in a space form M 3 (c), c ≤ 0, must be compact. This theorem was then extended to PMC submanifolds in a space form M n (c), c ≤ 0, in [6] .
We will show how, in the case of CMC biconservative surfaces, these results hold in any ambient space whose sectional curvature is negative and bounded.
In our paper, we prove a classification result for non-minimal PMC biconservative surfaces in S n × R and H n × R and, moreover, when these surfaces are not vertical cylinders nor they lie entirely in S n or H n , we also find their explicit (local) equation (Theorem 3.6) . While, as we will see from this theorem, such surfaces do not exist when n = 3, we find examples of CMC biconservative (but not PMC) surfaces in M 3 (c) × R that do not lie in M 3 (c) and are not vertical cylinders (Theorem 4.1). Moreover, we study the biharmonicity of these examples (Theorem 4.2).
Next, we study CMC biconservative surfaces in Hadamard manifolds as a generalization of the study of CMC biconservative surfaces in M n (c) × R with c < 0. First, we show that CMC biconservative surfaces in a Riemannian manifold satisfy a Simons type inequality and then, as CMC surfaces in a Hadamard manifold also satisfy a Sobolev type inequality, we use these two results to prove that if a non-minimal CMC biconservative surface in a Hadamard manifold with bounded sectional curvature has finite total curvature Σ 2 |φ H | 2 dv < +∞ and the norm of its second fundamental form is bounded, then the function |φ H | goes to 0 uniformly at infinity, where φ H is the traceless part of the shape operator of the surface in the direction of its mean curvature vector field H (Theorem 5.4). This theorem allows us to prove a result on the compactness of some of these surfaces (Theorem 5.6). We note that we use a more general notion of finite total curvature than the original one in [4] .
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Preliminaries
A natural generalization of harmonic maps, i.e., those maps ψ : (M, g) → (M , h) between two Riemannian manifolds that are critical points of the energy functional
are the biharmonic maps, i.e., the critical points of the bienergy functional
where τ (ψ) = trace ∇dψ is the tension field that vanishes for harmonic maps. This generalization was first suggested by J. Eells and J. H. Sampson in [9] . The Euler-Lagrange equation for the bienergy functional, derived in [16] , is
is the rough Laplacian defined on sections of ψ −1 (TM ) andR is the curvature tensor of
The stress-energy tensor associated to a variational problem, described in [14] by D. Hilbert, is a symmetric 2-covariant tensor S conservative at critical points, i.e., satisfying div S = 0.
Such a tensor S, given by S = (1/2)|dψ| 2 g − ψ * h, was employed in the study of harmonic maps by P. Baird and J. Eells in [2] and A. Sanini in [23] . It satisfies div S = − τ (ψ), dψ and, therefore, div S vanishes when ψ is harmonic. Since for isometric immersions τ (ψ) is normal, it follows that div S = 0 is always satisfied in this case.
The stress-energy tensor S 2 of the bienergy, first studied in [17] and then in [5, 13, 18, 20, 21] , is given by
and it satisfies div
) is an isometric immersion, then we have div S 2 = −τ 2 (ψ) ⊤ and thus div S 2 does not always vanish.
The following decomposition of the bitension field was obtained in [3] (see also [22] ).
Theorem 2.2 ([3]).
A submanifold ψ : Σ m →M in a Riemannian manifoldM , with second fundamental form σ, mean curvature vector field H, and shape operator A, is biharmonic if and only if the normal and the tangent components of τ 2 (ψ) vanish, i.e., respectively
where ∆ ⊥ is the Laplacian in the normal bundle andR is the curvature tensor of M . We also recall the following theorem that will be used later on.
Theorem 2.4 ([19]
). Let Σ 2 be a biconservative oriented surface in a Riemannian manifoldM . Then the (2, 0)-part of the Hopf quadratic form Q, defined on Σ 2 by
is holomorphic if and only if the mean curvature |H| of the surface is constant. Now, let us consider Σ 2 an isometrically immersed surface in a Riemannian manifoldM . The second fundamental form σ of Σ 2 is defined by the equation of Gauss
for any tangent vector fields X and Y , where∇ and ∇ are the Levi-Civita connections onM and Σ 2 , respectively, and we locally identified dψ(∇ X Y ) with ∇ X Y . Then the mean curvature vector field H of Σ 2 is given by H = (1/2) trace σ. The shape operator A and the normal connection ∇ ⊥ are defined by the equation of Weingarten∇
for any tangent vector field X and any normal vector field V . Definition 2.5. If the mean curvature vector field H of a surface Σ 2 is parallel in the normal bundle, i.e., ∇ ⊥ H = 0, then Σ 2 is called a PMC surface.
In space of constant curvature, a PMC submanifold trivially is biconservative. It would be then interesting to study PMC biconservative submanifolds in spaces whose sectional curvature is not constant.
Next, let M n (c) be a space form, i.e., a simply-connected n-dimensional manifold with constant sectional curvature c, and consider the product manifoldM = M n (c)× R. Then, the curvature tensorR ofM is given bȳ
where ξ is the unit vector field tangent to R.
It is easy to see that vertical cylinders Σ 2 = π −1 (γ) are characterized by the fact that ξ is tangent to Σ 2 .
We end this section recalling the following definition of Frenet curves that we will use later. Definition 2.7. Let γ : I ⊂ R →M n+1 be a curve parametrized by arc-length. Then γ is called a Frenet curve of osculating order r, 1 ≤ r ≤ n + 1, if there exist r orthonormal vector fields {X 1 = γ ′ , . . . , X r } along γ such that
for all i ∈ {2, . . . , r − 1}, where {κ 1 , κ 2 , . . . , κ r−1 } are positive functions on I called the curvatures of γ. A Frenet curve of osculating order r is called a helix of order r if κ i = constant > 0 for 1 ≤ i ≤ r − 1. A helix of order 2 is called a circle, and a helix of order 3 is simply called helix.
PMC biconservative surfaces in
For the sake of simplicity we will consider only the cases c = ±1, i.e., M n (c) is either S n or H n . It follows, from Corollary 2.3, that Σ 2 is biconservative if and only if
where H is the mean curvature vector field of our surface, which, using (2.1), is equivalent to
where T and N are the tangent and the normal components of ξ, respectively. As our result is of local nature, in the following, we will split our study as |T | = 0, or |T | = 1, or |T | ∈ (0, 1) on Σ 2 .
Case I. Let us assume that |T | = 0 at any point of Σ 2 . This means that ξ is orthogonal to our surface or, equivalently, that Σ 2 lies in M n (c). Obviously, equation (3.1) holds automatically in this case and Σ 2 is biconservative. Moreover, Σ 2 is a PMC surface in a space form and these surfaces were classified in [25] .
Case II. If |T | = 1 on the surface, then ξ is tangent to Σ 2 at any point, which means that Σ 2 is a vertical cylinder over a circle with curvature κ = 2|H| in M 2 (c) (see [1] ). Moreover, H is orthogonal to ξ and then (3.1) implies that Σ 2 is biconservative in this case too.
Case III. Henceforth we shall assume that |T | ∈ (0, 1) at any point of the surface Σ 2 . Also assume that Σ 2 is biconservative and orientable. We will see that, in this case, our surface has no pseudo-umbilical points.
First, from Theorem 2.4, it follows that either H is umbilical everywhere and then Σ 2 lies in M n (c) (or equivalently |T | = 0), which is a contradiction, or H is not umbilical on the surface, which implies that Σ 2 lies in M 4 × R (see [1] ).
Next, since |T | = 0 on Σ 2 , from (3.1), we have that H is orthogonal to ξ, that implies X( H, ξ ) = 0, or, equivalently, as ∇ ⊥ H = 0 and∇ξ = 0,
for any vector field X tangent to the surface, so A H T = 0. Now, let us consider the global, positive oriented orthonormal frame field {E 1 = T /|T |, E 2 } on the surface and, since A H E 1 = 0, we note that this frame field diagonalizes A H . From the equation of Ricci
where X, Y are tangent vector fields and U , V are normal vector fields, we see, using the expression (2.1) of the curvature tensorR and the fact that H is parallel, that A H and A U commute for any vector field U normal to Σ 2 , which shows that {E 1 , E 2 } diagonalizes the second fundamental form σ of our surface. Next, consider the following decomposition of ξ
where θ ∈ (0, π/2) is a local angle function, and {E 3 = N/|N |, E 4 , E 5 = H/|H|} is a global orthonormal frame field in the normal bundle. First, we will prove the following lemma.
Lemma 3.1. The following equations hold on the surface Σ 2 :
Moreover, we have c = 1, i.e., Σ 2 lies in S 4 × R, and |σ(E 1 , E 1 )| = sin θ.
Proof. From (3.2), since∇ E 1 ξ = 0, we get
and then, since {E 1 , E 2 } diagonalizes σ,
and
Next, we will compute
, where X, Y , Z are tangent vector fields, the expression (2.1) of the curvature tensor R, and equations (3.3), since ∇ ⊥ H = 0 and {E 1 , E 2 } diagonalizes σ, we have
The facts that H is parallel and orthogonal to E 3 , using (3.9), lead to
which means that
From equations (3.3) and (3.10), we see that ∇E 1 = ∇E 2 = 0. Moreover, since trace A 3 = 0, from (3.4) and (3.7), we have A 3 E 2 = E 1 (θ)E 2 = 0 and then A 3 = 0 and E 1 (θ) = 0. From (3.6), it follows that the function θ is constant. Finally, the shape operator A of the surface is given, with respect to {E 1 , E 2 }, by
where λ is a smooth function on Σ 2 , and we have σ(E 1 , E 1 ) = λE 4 . Then, from the Gauss equation of Σ 2 inM
where X, Y , Z, W are tangent vector fields and R is the curvature tensor of the surface, we obtain the Gaussian curvature K of Σ 2 as
Since the equations ∇E 1 = ∇E 2 = 0 imply that Σ 2 is flat, it follows that λ 2 = c sin 2 θ, which means that c > 0 and, therefore, c = 1, which completes the proof. Next, we consider the immersion of S 4 × R in R 5 × R and denote by ∇ the LeviCivita connection on R 5 × R. Then the integral curves of E 1 and E 2 , thought as curves in R 5 × R, are characterized by the following two lemmas. Proof. First, since ∇E 1 = 0, we have
where η is the unit vector field orthogonal to S 4 in R 5 . From the first Frenet equation ∇ E 1 E 1 = κ 1 X 2 of the curve δ, where {X 1 = E 1 , X 2 , . . . , X r } is the Frenet frame field along δ, we get, using Lemma 3.1,
and then
From Lemma 3.1, since H is parallel and {E 1 , E 2 } diagonalizes σ, one obtains
We also have
Replacing (3.14) and (3.15) in (3.13), we get
and, from the second Frenet equation ∇ E 1 X 2 = −κ 1 E 1 + κ 2 X 3 of δ and (3.12), it follows that X 3 = E 3 and
Again using Lemma 3.1 and the expressions of κ 1 and κ 2 , we have
which means that δ is a helix, and we conclude.
Remark 3.4. In the proof of Lemma 3.3 we have seen that, when c = 1,
From the latter equation, we obtain
, and, therefore,
Lemma 3.5. The integral curves γ of E 2 are plane circles in R 5 × R with curvature κ = 1 + 4|H| 2 + sin 2 θ, where θ = constant ∈ (0, π/2).
Proof. First, we have ∇ E 2 E 2 = σ(E 2 , E 2 )−η and then, from the first Frenet equation ∇ E 2 E 2 = κX 2 of γ, where {X 1 = E 2 , X 2 , . . . , X r } is the Frenet frame field along γ, we get
since, by Lemma 3.1, we know that |σ(E 1 , E 1 )| = sin θ and σ(E 1 , E 1 ) is orthogonal to H. Next, using Lemma 3.1, we obtain the second Frenet equation of γ
that shows that our curve is a circle. Now, we can state the main result of this section.
Theorem 3.6. Let Σ 2 be a PMC biconservative surface with mean curvature vector field H inM = M n (c) × R, c = ±1 and H = 0. Then either (1) Σ 2 either is a minimal surface of an umbilical hypersurface of M n (c) or it is a CMC surface in a 3-dimensional umbilical submanifold of M n (c); or (2) Σ 2 is a vertical cylinder over a circle in M 2 (c) with curvature κ = 2|H|; or (3) Σ 2 lies in S 4 × R ⊂ R 5 × R and, as a surface in R 5 × R, is locally given by
where θ ∈ (0, π/2) is a constant, a = 1 + sin 2 θ, b is a real constant, κ = 1 + 4|H| 2 + sin 2 θ, C 1 and C 2 are two constant orthonormal vectors in R 5 × R such that C 1 ⊥ ξ and C 2 ⊥ ξ, C 3 is a unit constant vector such that C 3 , C 1 = a/κ ∈ (0, 1), C 3 ⊥ C 2 , and C 3 ⊥ ξ, and D 1 and D 2 are two constant orthonormal vectors in the orthogonal complement of span{C 1 , C 2 , C 3 , ξ} in R 5 × R.
Proof. We only have to study the case when the surface Σ 2 is not pseudo-umbilical and |T | ∈ (0, 1). In order to do that, we will use the same method employed in [5] to study biconservative surfaces in space forms.
We consider again the local orthonormal frame field {E 1 = T /|T |, E 2 } and let γ be an integral curve of E 2 parametrized by arc-length. Then, from Lemma 3.5, we know that γ is a circle with curvature κ = 1 + 4|H| 2 + sin 2 θ in R 5 × R and, therefore, it can be written as At an arbitrary point p 0 ∈ Σ 2 we consider δ(u) an integral curve of E 1 , with δ(0) = p 0 , and the flow φ of E 1 near p 0 . We note that δ(u) is a helix characterized in Lemma 3.3. Now, for all u ∈ (−ω, ω) and s ∈ (−ǫ, ǫ), we have
and, therefore, the surface can be parametrized locally by
Next, X(u, s) can be reparametrized using u and v = κs as the new parameters, with u ∈ (−ω, ω) and v ∈ (−κǫ, κǫ), and we have
where C 1 (u) = κc 1 (u) and C 2 (u) = κc 2 (u). Since at v = 0 the integral curves of E 2 start from δ, we have
From (3.16) it follows that
and also −κ 2 c 1 = γ ′′ (0) = ( ∇ E 2 E 2 )(γ(0)), which gives
Now, using Lemma 3.1 and Remark 3.4, we have
which means that C 1 and C 2 are constant orthonormal vectors and that the image of parametrization (3.17) is given by a 1-parameter family of circles centered in δ(u) − (1/κ)C 1 and passing through the points of δ(u) lying in planes parallel to the one spanned by C 1 and C 2 . Moreover, from Lemma 3.1, one also obtains that C 1 ⊥ ξ and C 2 ⊥ ξ. Next, we will determine the explicit equation of δ(u). In order to do that, let us consider the vector field
It is then easy to verify, using Remark 3.4, that C ′ (u) = 0, which means that C(u) = C is a constant vector. From Lemmas 3.1, 3.3, and 3.5, we also get that C, C 1 = a 2 /κ, where a = 1 + sin 2 θ, C ⊥ C 2 , C ⊥ ξ, and |C| = a. Moreover, C, C 1 , and C 2 are linearly independent.
Next, consider δ 1 (u) = δ(u) − δ(u), ξ ξ. Since ∇ E 1 ξ = 0, it follows that
that shows that
where F 1 and F 2 are two constant vectors in R 5 × R. Since δ ′ 1 (u) is orthogonal to ξ, we have that F 1 ⊥ ξ and F 2 ⊥ ξ. Also, from |δ ′ 1 (u)| = sin θ, one obtains that 
Finally, since (d/du)( δ(u), ξ ) = E 1 , ξ = cos θ along δ(u), we have δ(u), ξ = u cos θ + b, where b is a real constant. Hence, we conclude that δ(u) is given by
which completes the proof.
Remark 3.7. We note that surfaces given by the third case of Theorem 3.6 lie in the Riemannian product of a small hypersphere of S 4 with R. In order to see this, let us consider X 1 (u, v) = X(u, v) − X(u, v), ξ ξ and the constant vector C in R 5 , orthogonal to ξ, given by C = (1/a)C 3 − (1/κ)C 1 . Then, is easy to verify that X 1 (u, v) − C, C = 0 and that X 1 (u, v) lies in S 4 , which shows that X 1 (u, v) actually lies in S 4 ∩ π, where π is a hyperplane of R 5 that passes through C such that C is orthogonal to π. Moreover, since |X 1 (u, v) − C| 2 = (a 2 + κ 2 sin 2 θ)/a 2 κ 2 , we get that X(u, v) lies in S 3 ( C, a 2 + κ 2 sin 2 θ/aκ) × R, where S 3 ( C, a 2 + κ 2 sin 2 θ/aκ) is the 3-dimensional sphere in the hyperplane π, centered in C and with radius a 2 + κ 2 sin 2 θ/aκ.
Remark 3.8. Lemma 3.1 implies that the angle between a PMC biconservative surface given by the third case of Theorem 3.6 and ξ is constant. PMC surfaces with this property in spaces of type M n (c) × R were classified in [10] . However, here we use a different method that, as we have seen, allows us to find the explicit equation of PMC biconservative surfaces in the third case of the theorem.
Remark 3.9. By similar arguments to those used in Lemma 3.1, it can be proved that PMC biconservative surfaces in M 4 (c) × R, with c = 0 an arbitrary constant, that are not pseudo-umbilical nor vertical cylinders exist only when c > 0. The local equations of such surfaces in R 5 × R can be obtained working in the same way as in Theorem 3.6.
Remark 3.10. We note that, since all non-minimal PMC biharmonic surfaces in S n ×R that do not lie in S n are vertical cylinders (see [11, Theorem 5.6 ]), the surfaces described in the third case of Theorem 3.6 are not biharmonic.
From Theorem 3.6, we know that the mean curvature vector field H of a PMC biconservative surface in M n (c) × R is orthogonal to ξ. Let us now consider a CMC biconservative surface Σ 2 in M n (c) × R with H orthogonal to ξ. As we will show in the next section, in general, Σ 2 is a not a PMC surface. The following result, however, highlights a particular case when these conditions imply that H is parallel.
Proposition 3.11. Let Σ 2 be a genus zero CMC biconservative surface in M n (c)×R with mean curvature vector field H orthogonal to ξ. Then Σ 2 is pseudo-umbilical and it lies in M n (c). Moreover, when n = 4, Σ 2 is a PMC surface.
Proof. Let us consider local isothermal coordinates (U ; x, y). Then we have ds 2 = λ 2 (dx 2 + dy 2 ) for some positive function λ on U and {∂/∂x, ∂/∂y} is positively oriented. We will denote
From Theorem 2.4 we have that the (2, 0)-part of the quadratic form Q is holomorphic, that implies that Q(∂z, ∂z) vanishes, since the genus of Σ 2 is zero. Hence, Σ 2 is pseudo-umbilical.
Next, we define the quadratic form Q on our surface by
It is easy to verify that∇ ∂z ∂z = (1/2)λ 2 H and then we get that ∂z(Q(∂z, ∂z)) = λ 2 ∂z, ξ H, ξ = 0, i.e., the (2, 0)-part of Q is holomorphic and, therefore, vanishes. We have just proved that ∂z is orthogonal to ξ, which means that Σ 2 lies in M n (c). Finally, when n = 4, since Σ 2 is pseudo-umbilical, we use a result in [7] to conclude. We first note that it can be easily verified that a CMC surface in M 3 (c) × R with |T | = 0 is biconservative since it actually lies in M 3 (c), and also that a CMC surface with |T | = 1 and constant mean curvature |H| in M 3 (c) × R is a vertical cylinder over a curve in M 3 (c) with constant first curvature κ 1 = 2|H| and, therefore, a biconservative surface. In both cases, the mean curvature vector field is orthogonal to ξ.
When |T | ∈ (0, 1) we have the following characterization of CMC biconservative surfaces in M 3 (c) × R whose mean curvature vector field H is orthogonal to ξ. Theorem 4.1. Let Σ 2 be a CMC biconservative surface in M 3 (c) × R, c = 0, with mean curvature vector field H = 0 orthogonal to ξ and |T | ∈ (0, 1). Then Σ 2 is flat and it is locally given by X = X(u, v), where X :
, the integral curve of X u is a helix such that X u , ξ = |T |, with curvatures κ 1 1 = |H| and κ 1 2 = √ −c|T |, and the integral curve of X v is a circle such that X v , ξ = 0, with curvature κ 2 1 = |H|; or (2) |H| 2 > −c(1 − |T | 2 ) and the integral curves of X u and X v are helices in
where a and b are two real constants such that
and with curvatures
respectively.
Proof. Since our surface is biconservative, it follows, from Theorem 3.6, that it cannot have parallel mean curvature vector field. Therefore, ∇ ⊥ H = 0, which means that there exists an open subset U ⊂ Σ 2 such that ∇ ⊥ H = 0 at any point p ∈ U . Let us now consider a local orthonormal frame field {E 1 , E 2 } on U and an orthonormal frame field {E 3 = H/|H|, E 4 = N/|N |} in the normal bundle of Σ 2 . Then {E 1 , E 2 , E 3 , E 4 } can be extended to local orthonormal frame field on an open subset of M 3 (c) × R. Denote by ω A B the corresponding connection 1-forms on this subset given by∇
Then, from Corollary 2.3, we get that the biconservative equation becomes
3 (E 1 )) 2 + (ω 4 3 (E 2 )) 2 = 0, which, using (4.1), implies that
Next, the fact that E 4 is orthogonal to H shows that trace A 4 = 0 and then, since A 4 is symmetric, one obtains
i.e., A 4 = 0. We note that, since∇ξ = 0 and N = |N |E 4 , we also have ∇T = A N = 0 and |T |, |N | ∈ (0, 1) are constants. We know, from Theorem 2.4, that H either is umbilical at any point of Σ 2 , and then Σ 2 is pseudo-umbilical, or H is umbilical only on a closed set without interior points. In the second case, H is not umbilical on an open dense connected set W .
Let us first treat the case when our surface is pseudo-umbilical. Then {E 1 , E 2 } diagonalizes A 3 and, moreover, since |T | ∈ (0, 1), we can choose E 1 = T /|T |, which implies that ∇E 1 = ∇E 2 = 0.
Using the Codazzi equation (3.8) of Σ 2 in M 3 (c) × R, first with X = E 1 , Y = Z = E 2 and then with X = Z = E 1 , Y = E 2 , and taking the inner product with E 4 , one obtains Next, since E 3 , ξ = 0, we have ∇ E 1 E 3 , ξ = 0, which gives
From (4.2) and (4.3) one sees that |H| 2 = −c|N | 2 , that implies c < 0 and, using the Gauss equation (3.11) , that the surface is flat. Moreover, one obtains
As we have seen, we have ∇E 1 = ∇E 2 = 0 and then [E 1 , E 2 ] = 0, which means that there exists a local parametrization X = X(u, v) of Σ 2 such that X u = E 1 and
In the following, we shall determine the curvatures of the integral curves γ 1 and γ 2 of X u and X v , respectively.
From the first Frenet equation∇ 3 , it follows that the first curvature of γ 1 is κ 1 1 = |H| and X 1 2 = E 3 . The second Frenet equation∇
The first Frenet equation∇
2 X 2 3 and (4.2) imply that κ 2 2 = 0, which shows that γ 2 is a circle. Let us now consider the case when Σ 2 is not pseudo-umbilical. First, we choose E 1 and E 2 such that A 3 E i = λ i E i , i = 1, 2, and λ 1 > λ 2 . Since A 4 = 0, we have
and also
Next, we again use the Codazzi equation (3.8) with X = Z = E 1 and Y = E 2 , to obtain, taking the inner product first with E 3 and then with E 4 , (4.5)
and (4.6) λ 1 ω 4 3 (E 2 ) + c T, E 2 |N | = 0. In the same way, this time taking X = E 1 and Y = Z = E 2 , we get
3 (E 2 )|N | = 0. Now, from (4.6), (4.8), (4.9) , and (4.10) it follows
which, using the Gauss equation (3.11) , shows that Σ 2 is flat. Moreover, since λ 1 + λ 2 = 2|H|, we get
From (4.6), (4.8), and (4.11) one sees that
where a = T, E 1 and b = T, E 2 . The fact that λ 1 and λ 2 are constants, together with (4.5) and (4.7), leads to ω 2 1 (E 1 ) = ω 2 1 (E 2 ) = 0, i.e., ∇E 1 = ∇E 2 = 0. Since ∇T = 0, we can also see that ω 4 3 (E i ), i = 1, 2, are constants and then that the Ricci equation does not provide any other supplementary information about Σ 2 .
Finally, since [E 1 , E 2 ] = 0, there exists a local parametrization X = X(u, v) of Σ 2 such that X u = E 1 and X v = E 2 . We conclude by computing the curvatures of the integral curves of X u and X v in the same way as in the case when the surface is pseudo-umbilical. 
Proof. The normal part of the bitension field τ 2 of surfaces in Theorem 4.1, whose general expression is given by Theorem 2.2, is
in the pseudo-umbilical case, and
when the surface is not pseudo-umbilical. When c < 0, it is easy to see that τ ⊥ 2 does not vanish, which means that our surfaces are not biharmonic in this case.
When c > 0, we have that τ ⊥ 2 = 0 is equivalent to
from where it follows that b 2 > a 2 and the mean curvature of the surface is given by equation (4.12).
CMC biconservative surfaces in Hadamard manifolds
In order to prove some compactness results for CMC biconservative surfaces in M n (c) × R, with c < 0, we will work in a more general setting where the ambient space is a Hadamard manifold, i.e., a Riemannian manifold that is complete simplyconnected and has non-positive sectional curvature everywhere.
We will begin by showing that a CMC biconservative surface in a Riemannian manifold satisfies a Simons type equation.
Theorem 5.1. Let Σ 2 be a non-minimal CMC biconservative surface in a Riemannian manifoldM with mean curvature vector field H and shape operator A.
where φ H = A H − |H| 2 I is the traceless part of A H and K is the Gaussian curvature of the surface.
Proof. We first recall the following Simons type formula (equation 2.8 in [8] ). Let Σ m be an m-dimensional Riemannian manifold and consider a symmetric operator S on Σ m that satisfies the Codazzi equation (∇ X S)Y = (∇ Y S)X. Then, we have
where λ i , 1 ≤ i ≤ m, are the eigenvalues of S, and R ijkl are the components of the Riemannian curvature of Σ m . In our case, where Σ 2 is a biconservative surface, using isothermal coordinates (x, y) on the surface, we get, by a straightforward computation,
which, since Σ 2 has constant mean curvature, shows that A H , and then φ H , satisfies the Codazzi equation. Since φ H is symmetric and traceless, we conclude using equation (5.1) with S = φ H .
Corollary 5.2. Let Σ 2 be a CMC biconservative surface in a Riemannian manifold M and assume that Σ 2 is compact and K ≥ 0. Then ∇A H = 0 and the surface is pseudo-umbilical or flat.
Theorem 5.4. Let Σ 2 be a complete non-minimal CMC biconservative surface in a Hadamard manifoldM , with sectional curvature bounded from below by a constant K 0 < 0, such that the norm of its second fundamental form σ is bounded and (5.4)
Then the function u = |φ H | goes to zero uniformly at infinity. More exactly, there exist positive constants C 0 and C 1 , depending on K 0 , |H|, and µ = sup Σ 2 (|σ| 2 −
(1/|H|) 2 |A H | 2 ), and a positive radius R Σ 2 , determined by C 1
for all R ≥ R Σ 2 . Moreover, there exist some positive constants D 0 and E 0 , depending on K 0 , |H|, and µ, such that the inequality
Proof. Since the function u = |φ H | satisfies the Sobolev inequality (5.3) and the Simons type inequality in Corollary 5.3, we work as in the proof of [4, Theorem 4.1] and come to the conclusion.
We note that, when n = 2, we have µ = 0 and then it is easy to see that (5.4) implies that |σ| is bounded. Therefore, we have the following corollary.
Corollary 5.5. Let Σ 2 be a complete non-minimal CMC biconservative surface in a 3-dimensional Hadamard manifoldM , with sectional curvature bounded from below by a constant K 0 < 0, such that
Then the function u = |φ H | goes to zero uniformly at infinity. More exactly, there exist positive constants C 0 and C 1 , depending on K 0 and |H|, and a positive radius
for all R ≥ R Σ 2 . Moreover, there exist some positive constants D 0 and E 0 , depending on K 0 and |H|, such that the inequality
In the following we will use Theorem 5.4 to prove a compactness result for CMC biconservative surfaces in Hadamard manifolds. Theorem 5.6. Let Σ 2 be a complete non-minimal CMC biconservative surface in a Hadamard manifoldM , with sectional curvature bounded from below by a constant K 0 < 0, such that the norm of its second fundamental form σ is bounded,
and |H| 2 > (µ − 2K 0 )/2, where µ = sup Σ 2 (|σ| 2 − (1/|H| 2 )|A H | 2 ). Then Σ 2 is compact.
Proof. Using inequality (5.2) and Theorem 5.4, we have that the superior limit at infinity of the Gaussian curvature K of Σ 2 is positive. It follows that the negative part K − of K has compact support and, therefore,
which implies, using [24, Theorem 1] , that also the positive part K + of K satisfies
Next, since outside a compact set Ω we have K + ≥ k/2 > 0, where
it follows that Vol(Σ\Ω) < +∞. Since the volume of a complete non-compact surface is infinite (see [12] ), we conclude that Σ 2 is compact.
When n = 2, we use Theorem 5.4 and Corollary 5.5 to prove our next result.
Corollary 5.7. Let Σ 2 be a complete non-minimal CMC biconservative surface in a 3-dimensional Hadamard manifoldM , with sectional curvature bounded from below by a constant K 0 < 0, such that
and |H| 2 > −K 0 . Then Σ 2 is compact.
